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Administrivia
HW1 due tonight, 11:59pm on Gradescope!
New GSI in the staff: Zhengjie (Jerry) Xu
Jerry will lead the discussion section this week
Jerry's office hours will be on Tuesday 4-5pm (same room as Seung's, 1637 BBB - see course website)
Feedback form for +0.5% bonus point (see instructions on Ed)
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Recap



Joint distributions and inference
The joint distribution  had everything we needed to answer probabilistic queries.
A "query" has some variable (or many)  we want to know about.
We observe some evidence 
There might be other hidden variables  in our model (neither observed nor in the question).
With the joint, for each possible answer , we can add up the joint probabilities over all values of :

 ("proportional to") means the scores still need normalization:

But the normalization constant is the same for any 
To find only the most likely answer, we can compare scores without normalizing.
The joint is large: If  has  possible values, the full joint has

 entries.

When there are many variables, it's impractical to have (or learn) combinatorially many parameters.
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Conditional independence
 and  are independent ( ) if their joint factorizes as the marginals:

Otherwise they're dependent.
Recall the friend's unknown coin from last time: they chose coin  with probability  or coin  with probability .
Coin  was fair ( ), while coin  was biased ( ).
They gave us one of them, and we flipped it many times.
The results are not independent for us: why?
Seeing heads makes another head more likely because it made coin  more plausible.
But, if they tell us which coin it is, with that the results become independent.
So they are conditionally independent given we know the coin.

Definition (Conditional independence)
 if, for every  with ,

Independence lets us factorize the joint and need potentially much fewer parameters.
Often a useful, practical modeling choice even if not actually true!CSE 592 :: Recap 6



Naïve Bayes



A model for generating messages
Suppose we want to classify emails as spam or non-spam.
Suppose our vocabulary contains  words, and we're given email length .
For simplicity, assume messages are generated as follows:

1. Choose a class  (spam or not) from the class distribution .
2. Fixing , sample some  from a class-specific word distribution .
3. Repeat from the same distribution, independently, for .
4. This gives a message at the end.

Our goal is: given a message , we want to predict its unobserved class .
Let  be the word at position  and . From independence we get:
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Bag of words
The email is a sequence of word tokens. But our classifier will only need how many times each word appeared.
This is the bag of words text representation:

For “free free winner,” , , and every other count is zero.
A bag of words keeps these counts and discards order. “Winner free free” gives the same .
Given this bag, we want the probability that the message is spam:

To compute it, we need the probability of observing a bag under each class.
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From word sequences to counts
Given one bag of words we see, what emails could have generated it?
The bag for “free free winner” can be generated in three different orders:

Generated sequence Probability given class 

free, free, winner

free, winner, free

winner, free, free

These are three mutually exclusive ways to observe the same count vector. We add their probabilities:

In general, we have  ways to generate the word counts  (if counts sum to )
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Multinomial Naïve Bayes
This leads to the main equation defining our Naïve Bayes classifier.
The general probability of a count vector is therefore:

Definition (Multinomial Naïve Bayes)

When we vary the class  here (e.g., spam or not), the count vector  the same for both.
So the number of word orders is also the same for every class.
We can thus ignore it, since all it gives us is the normalization constant.
Bayes' rule gives the unnormalized class score:

To obtain posterior probabilities, compute this numerator for each class, add and normalize.

CSE 592 :: Naïve Bayes 11



Naïve Bayes training
Where do our  parameters come from? Or the class prior ?
We will learn them from  labeled messages in a training set.
We can estimate them by counting and normalizing. In the training set, we count:

: number of training messages with class 
: occurrences of word  in messages with class 

: total word tokens in class 

Then:

The prior counts messages. The word distributions count word tokens (occurrences of each word).
Class Messages Tokens “free” “meeting” “winner”

Spam

non-spam

For long messages, better to multiply many small probabilities in log space:
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Naïve Bayes prediction
Now say we receive the message “free winner”
From the training counts:

Class Prior Score

Spam

Non-spam

The spam score is larger, we predict spam.
To get probabilities, just normalize the scores:

Normalization makes the class probabilities sum to one.
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Laplace smoothing
Suppose we never saw “GPU” in spam during training, then receive “free GPU now.”

The whole spam score becomes zero, regardless of the other words.
In log space, 
Not seeing a word in the training set shouldn't make it impossible.
We can fix it with smoothing

Definition (Laplace smoothing)
Add  to every word count in every class:

The denominator adds  because we added one  count for each of  words.
If "GPU" also never showed up in non-spam, this just relies on other words (rather than getting  for every class)
In homework 2, you will train and test Naïve Bayes on news classification
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Naïve Bayes and assumptions
This is a very efficient and scalable algorithm
Surprisingly accurate for text classification, and good when efficiency matters
For  classes and a dictionary of size , we only store  word probabilities.
Training is one linear pass through the labeled data, counting classes and tokens.
With  classes, scoring a message of  tokens takes .
The model is small and fast because it makes strong assumptions:

Prediction does not use word order (bag of words)
The tokens are conditionally independent given the class

In many settings, several variables are (roughly) independent, but the dependencies that exist are all important.
We can drastically generalize the kinds of dependencies we support with Bayesian Networks!
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Bayesian networks



An alarm at home
Suppose you're away from home, and your house has an alarm.
The alarm might sound because of a burglary, or because of an earthquake.
Your two neighbors, John and Mary, might call you if they hear the alarm.
Everything is probabilistic! The alarm might fail, John might be away too, etc
Let's model these five events:

Variable Event

A burglary happens

An earthquake happens nearby

The alarm sounds

John calls you

Mary calls you

We might want to ask questions like: if you see a missed call from John, how likely is a burglary?
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A model of this situation

To build a useful model, let's make a few independence
assumptions:

Burglaries and earthquakes happen independently.
Either of the two can cause the alarm to sound.
John's and Mary's call you based on them hearing the
alarm.
John and Mary don't communicate between themselves.

We can represent these direct dependencies in a directed
graph like the following:
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A Bayesian network

The idea is that this graph will precisely represent our
independence assumptions.

We will describe a large joint distribution through a few
local relationships.

A Bayesian network is a precise representation for this
idea.

Definition (Bayesian network)
A Bayesian network consists of

1. a directed acyclic graph whose nodes are random variables
2. one conditional distribution  for every

node

Together, these pieces represent the joint distribution

Note: The arcs only imply a factorization of the joint, not causality
necessarily.

Here, , ,
, ...
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Conditional probability tables
The graph only tells us which variables each local probability depends on.
For each node, we still need a probability distribution for every assignment to its parents.
We organize those numbers in a conditional probability table, or CPT.
Here the five variables here are Boolean.

Root probabilities
Probability

Roots have no parents, so they need
prior probabilities.

Alarm

T T
T F
F T
F F

Calls

T
F

For each fixed parent assignment, the probabilities for the node's possible values must add to one.
The nodes are Boolean, so . The same rule fills the false probabilities in the other tables.
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The joint from local probabilities

� Recall

Chain rule for probabilities: 

The chain rule always gives, in this topological order:

The graph's independence assumptions simplify these
terms:
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Probability of one world
The network defines the probability of every complete assignment.
For example, consider :

We selected one entry from each local table to find the probability of this complete assignment.
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How compact is it?
Arbitrary joint
Five Boolean variables give  entries.
After normalization:

 free parameters

Alarm network
Node Free parameters

Total

A Boolean node with  Boolean parents needs  free parameters: one for each parent assignment.
The graph saves space only when nodes have relatively few parents.
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One model, many questions

The graph and CPTs specify one joint distribution over all
five variables.

We can condition on any observed variables and ask about
any others:

: how likely is a burglary given both calls?
: how likely is John to call if there was a

burglary?
: how likely is the alarm given only Mary's

call?
: how does an earthquake change the

burglary probability?

Many successful practical applications: medical diagnosis,
fault diagnosis in spacecrafts, Windows troubleshooting
helper...
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Independence in

Bayesian Networks



Implied independences

Given a query in a large network, we want to ignore all the
irrelevant variables

But how do we know which variables cannot affect the
answer?

There are many properties implied by the independence
assumptions in Bayesian Nets that help. Example:

Theorem (Local Markov property)
Given its parents, each node is independent of its non-
descendants.

Here,  is a descendant of  if we can reach  from  using
the arcs (directed edges)

For example:

Once we know whether the alarm sounded, learning about
a burglary or earthquake gives no more information about
whether John will call or not.
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How can evidence flow in a path?
Even if variables are far away, they can still influence each other through long paths
In fact, it's useful to reason about paths regardless of the directions of the edges.
We call such path here a trail (e.g.,  is still a trail between  and )
An active trail allows the endpoints to remain dependent given what we observed. A blocked trail does not.
Does observing the middle node of a three-variable trail block it?

Chain

 can tell us about  through .
After observing , the trail is blocked.

Fork

 is a shared source of information about .
After observing , the trail is blocked.

In the alarm graph,  is a fork: knowing  makes the two calls independent.
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Colliders behave differently
There is one more way two arrows can meet. This time observing the middle node has the opposite effect.

Nothing observed

The trail is blocked.

Observe the collider

The trail becomes active.
 and  can become dependent

given .

Observe a descendant

This also activates the collider.

For , evidence about , , or  can make burglary and earthquake dependent.
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d-separation
Consider an undirected trail between two variables. Evidence can make that trail active or blocked.

Chain or fork node
The trail is blocked if the middle node is observed.

Collider node
The trail is blocked unless the collider or one of its
descendants is observed.

In general, we will have a set of variables in , a set in  we condition on, and we want to know what can't influence 
given 
Beyond individual paths, this will be given by a property called -separation.

Definition (d-separation)
Sets  and  are d-separated by evidence  if every trail between them is blocked by .

If the graph d-separates  and  given , then every distribution represented by the graph satisfies

A particular choice of CPTs may have other independences. d-separation gives us the ones guaranteed by the graph alone.
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Which paths are active?

Claim True? Why?
Yes The only trail, , has an unobserved collider.
Yes Middle of the fork  blocks .
No Observing collider  activates .
Yes Observed middle of the chain  blocks .
No Observed descendant  activates the collider at .
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The Markov blanket
Suppose we want to learn about one variable . What is the smallest set of observations that makes everything else irrelevant
to ?
The graph identifies a set around  that blocks every trail to the remaining variables.

Definition (Markov blanket)
The Markov blanket of  contains its parents, its children, and its children's other parents.

Blanket of Blanket of 

Given its blanket, a node is independent of every other node in the network.
For , we need co-parent  because observing their common child  can make  and  dependent.
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Exact inference



What is an inference query?

Let's now actually answer the probabilistic queries
algorithmically.

Suppose John and Mary are both calling you. How likely
is a burglary?

We'll abbreviate a true value with a lowercase letter:

Here  is a random variable, while  denotes the event
.

Query: 
Evidence: 
Hidden: 

The answer is a normalized distribution over both values
of .
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Inference by enumeration

We want . The hidden variables are .

Use the network factorization and sum over every hidden assignment:

For each value of , this enumerates four assignments to .

Normalize the two resulting numerators to get the distribution over .

This is exact, but it repeats some work:

 is recomputed for both earthquake values
Larger networks will repeat the same partial sums lots of times.

Can we save and reuse partial computations?
Query:    Evidence: 
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Factors
Our enumeration multiplies and adds entries from the same CPTs many times. Let's save the smaller tables we compute along
the way.
These tables may not sum to one, so we need a name more general than “probability distribution.”

Definition (Factor)
A factor is a table of nonnegative numbers, with one entry for each assignment to its variables. Its entries need not sum to one.

Each CPT is already a factor. We name them so we can track the tables in the calculation:

How will we use these factors to answer ?
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The inference plan

We want . We will simplify the factors in two
phases.

We'll restrict factors using evidence, then multiply factors
and sum out hidden variables.

1. Restrict using the evidence
Set  and  wherever they appear.
Afterwards no factor still varies with  or .

2. Eliminate the hidden variables one by one
Choose  or . Multiply the current factors containing
it, sum over its values, and replace those factors with
the result. Repeat for the other hidden variable.

Finally, we multiply the factors that remain. This gives an
unnormalized factor over . Normalize to get 
.

Query:    Evidence: 
Hidden: 
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Phase 1: restricting
We know . In each call table, keep the rows where that call happened.

John called

T T
T F
F T
F F

This is :  if ,  if
.

Mary called

T T
T F
F T
F F

This is :  if ,  if
.

We call this restricting a factor by evidence. The values  are fixed, so both smaller factors vary only with .
The other three factors are unchanged. No current factor has  or  as a variable. Phase 1 is done.
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Which sum should we do first?

We have used the observed calls. The earthquake  and alarm  are still
unknown.

Let's start with . Only two of our current factors contain it:

To multiply factors, use entries that agree on shared variables. For each
, multiply once with  and once with , then add.

Do this for all four choices of . The results make a four-entry table
, with no  left in it.

Query:    Evidence: 
Unknown: 
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Variable elimination: eliminate earthquake

Let's fill the table . Start with :

The first term uses ; the second uses . Repeat for the
other three pairs:

T T
F T
T F
F F

This factor  replaces both  and . Now just need to eliminate
.

Eliminate 
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Variable elimination: eliminate alarm

The remaining factors involving  are , , and .

For each , multiply these factors for  and , then add.
The two call factors multiply to  if  and  if .

Score
T
F

The scores don't yet add to one. Divide each by their sum:

Two calls raise the burglary probability from  to about .

Eliminate 
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Variable elimination: the procedure

Our calculation followed the same two phases we planned.

Definition (Variable elimination)

1. Use evidence: fix observed values in every factor. No factor
still varies with an evidence variable.

2. Eliminate hidden variables: choose a hidden variable .
Multiply every current factor containing , sum over , and
replace those factors with the result. Repeat for each hidden
variable.

Multiply all factors left over. The result has only query
variables and may not sum to one. Normalize it to get the
answer.

Here we eliminated  to make , then eliminated 
to get two scores for .

This is exact. The order matters a lot for efficiency! Evidence  fixed. Hidden variables eliminated: , then .
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Before hearing anything

Variable elimination can answer any query: e.g., how
likely is a burglary before any news arrives?

We haven't observed either call. For any alarm value ,
their CPTs sum to one:

So we can sum out  first. Their factors disappear.
Then summing out  leaves the burglary prior.

CSE 592 :: Exact inference 42



The alarm sounds

Now suppose someone other than John and Mary tells you
your alarm sounded. Your phone was off, so you don't
know if you got a call.

What is  now?

John's and Mary's calls are still unobserved. Summing
them out gives  again. The only unknown variable left is

.

Eliminate the unobserved earthquake:

Multiply by the burglary prior. The two scores are about
 for  and  for .

The alarm raises burglary from  to about .
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Then an earthquake

A friend tells you there was an earthquake nearby. We now
know  and .

Does this make burglary more or less likely?

The calls are still unobserved and sum out to . With 
known, no hidden variables remain. Compare the two
scores:

The earthquake provides another explanation for the
alarm. Learning one cause lowers our belief in the other.

This is explaining away: conditioning on a shared effect
makes its causes dependent.
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Ordering, relevance, and complexity
Variable elimination is exact, but its cost depends on the elimination order.
Computing exact probabilities in a general Bayesian network is #P-hard.
Finding the best order is itself hard. There are general heuristics for choosing good orders.
Before eliminating anything, we can remove irrelevant structure:

Prune nodes that are neither query/evidence nodes nor ancestors of them
Use d-separation to detect evidence that cannot affect the query.

Exact inference can be expensive in practice. But not the only option!
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Approximate
inference



Probabilities from samples
When exact inference creates factors that are too large, we can estimate probabilities from samples.
If samples  come from , estimate

For a conditional query, we need samples that tell us about the evidence:

How we handle evidence determines whether those samples are useful.

Independent samples
Forward and rejection sampling generate a fresh world
each time.

Markov chain samples
Start with one world, then make a small change to get the
next.
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Forward sampling

Visit the nodes in topological order.

At each node, sample from its CPT using the already
sampled parent values.

One possible run:

Node CPT probability Random Value
F

T
T
T

F

The resulting sample is .

Repeating this procedure produces samples from the joint
distribution represented by the network.
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Rejection sampling
To estimate :

1. generate a full sample by forward sampling
2. reject it unless 
3. among accepted samples, count the fraction with .

Sample Use?
1 F F F F F reject
2 F T T T F reject

3 T F T T T accept

Here , so only about two out of every thousand prior samples are not rejected.
Rejection sampling is correct in the limit
But conditioning on rare evidence can make we reject most samples.
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Markov chain Monte Carlo
Rejection sampling wastes samples when the evidence is rare. Another approach is to keep the evidence fixed and start with
one assignment to the other variables.
A Markov chain repeatedly changes that assignment. Each new state depends only on the current state.
With  fixed, the chain might visit these values of :

The aim is to choose these transitions so that, after enough initial steps, the samples we get approximate the posterior.
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Gibbs sampling

Gibbs sampling gives us one way to make these
transitions.

1. Keep  fixed and choose initial values
for .

2. Cycle through . Resample one variable at a time
using the current values in its Markov blanket.

3. After an initial "burn in" period, estimate 
by the fraction of samples with .

At most one variable changes per update.

You'll explore Gibbs sampling in Homework 2 for
denoising an image.

MCMC and Gibbs sampling have a very rich theory and
many practical uses beyond Bayesian Nets.

One update: resample  using its blanket ; keep
the other values as they are.
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Summary

Naïve Bayes: a text classifier assuming conditional independence of words given the class
Bayesian network: a DAG plus local conditional distributions that factor a joint
d-separation: gives the conditional independences guaranteed by the DAG
Markov blanket: the local information needed to update one node
Exact inference: variable elimination multiplies factors and sums out hidden variables
Approximate inference: sampling gives up exact answers but can scale better

Today, we had to specify a dependency structure, hidden variables, etc
Next lecture: We'll start with supervised learning by predicting  from  directly, without specifying a structure for hidden
variables.
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